Abstract. On the Hardy spaces H p with 1 ≤ p < ∞, we consider the composition operators induced by analytic self-maps of the open unit disc D. First, we characterize those which are similar to contractions. Then, we give some necessary and sufficient conditions for them to be hypercontractive. Finally, we prove that, among those ones, only the zero-symbol composition operator sends H p into H ∞ with a norm less than or equal to 1.
Introduction

Throughout this paper, we denote by D the open unit disc in the complex plane, by H(D) the space of holomorphic functions on D and by H(D, D) the subset of H(D) consisting of all self-maps of D.
We also denote by N * the set of integers larger than one : N * = {1, 2, · · · }. For p ≥ 1, this gives a norm for which H p is a Banach space. We also recall that the space H ∞ , endowed with the norm f ∞ := sup z∈D |f (z)|, is a Banach space too.
Let ϕ be in H(D, D). On appropriate subspaces of H(D)
From these definitions, we get the following proper inclusions:
It is well known that C ϕ is continuous on H p (0 < p < ∞) (see [10] and [14] ) and that, for p ≥ 1, C ϕ is a contraction (i.e. C ϕ ≤ 1) if and only if ϕ(0) = 0 (see Theorem 2.1).
Here, we will characterize a subclass of composition operators that contains each C ϕ which is similar to a contraction. In Section 3, we show that the existence of a fixed point in D, for the symbol ϕ, is a necessary and sufficient condition for C ϕ to be in that class. In particular, we observe that if C ϕ is polynomially bounded, then it is similar to a contraction. G. Pisier has shown that this is not true for every operator on a Hilbert space (see [13] for details). In the case where the contraction is isometric and the symbol is analytic on a neighborhood of D, we give a more precise characterization.
In Section 4, we study the class of all C ϕ 's sending H p into H βp (β > 1) with a norm less than or equal to 1. The qualitative aspect of this problem (i.e. sending H p into H βp ) has been solved by H. Hunziker and H. Jarchow ( [7] ). For the quantitative aspect (i.e. sending H p into H βp with norm ≤ 1), we give some necessary and sufficient conditions. C ϕ 's satisfying the second aspect are said to be hypercontractive or also β-contractive. At the end of Section 4, we show that, among those ones, only the zero-symbol composition operator is a contraction from H p into H ∞ . Section 2 is devoted to some results focused on the symbols ϕ and on the oper-
Preliminaries
It is well known (cf. [5] 
Moreover, C ϕ is an isometry if and only if ϕ is inner and vanishes at 0.
Let X be a Banach space. We recall that T : X → X is an isometry if T x = x for all x ∈ X. The following well-known proposition (see [1] , p. 213) describes the spectrum σ(T ) of such an operator. For sake of completeness, we give an elementary proof.
Proposition 2.2. If T : X → X is an isometry , then either σ(T
Remark. Proposition 2.2 can be seen as a consequence of the fact that ∂σ(T ) is contained in σ ap (T ) (Proposition 6.7 in [1] ). This fact implies that, for any λ ∈ ∂σ(T ), there is a sequence (x n ) n with x n = 1 such that (T − λI)x n → 0. Since T is an isometry, it is easy to see that |λ| = 1, and the result follows by connectedness of D.
The following proposition can be proved by using the factorization theorem of F. Riesz ( [5] 
Similarity to a contraction
Let X be a Banach space. T : X → X is said to be polynomially bounded if there exists M > 0 such that P (T ) ≤ M P ∞ for every polynomial P , where 
The last estimate follows from the famous von Neumann's inequality. 
we conclude that
This is in contradiction with (3). In order to study the similarity with an isometry on H p , we need the following theorem (cf. [9] ) which provides the spectrum of C ϕ in a special case. The next corollary follows immediately from Theorem 3.4 and a known result saying that C ϕ is invertible on H p if and only if ϕ is an automorphism of D (see [11] or [2] or more recently [6] ). This result and the following lemma will allow us to characterize the hypercontractive C αz with |α| ≤ 1. Note that the symbols ϕ(z) = αz are exactly those for which C ϕ : H 2 → H 2 is normal (see [11] ). 
Theorem 3.3. Suppose ϕ is analytic on a neighborhood of D, not inner and with a fixed point
a in D. If C n ϕ is compact on H p (1 ≤ p < ∞) for no n ∈ N * , then there exists 0 < ρ < 1 such that σ(C ϕ ) = {λ ∈ C; |λ| ≤ ρ} ∪ {(ϕ (a)) n ; n ∈ N * } ∪ {1}.
Corollary 3.5. A composition operator is similar to an isometric isomorphism on
Proof. For all z ∈ D, one has
Here, o(ε 2 ) does not depend on z since f is bounded. So, we obtain
As Re(f ) and Re(f 2 ) are harmonic in D and since f (0) = 0, by integration on [0, 2π] with respect to the measure dθ 2π , one gets 1 2π
This leads to the desired assertion.
Theorem 4.2.
Let α ∈ D and 1 < β < ∞. We have equivalence between (1) and (2) and between (3) and (4).
Proof.
(1) =⇒ (2) Suppose that |α| = 1. That means ϕ is a rotation of D, and then C ϕ sends H 2 onto itself: this is a contradiction with (1).
Thus, C ϕ is β-bounded. On the other hand, this same lemma, applied to f ≡ z and q = 2, gives
Now, by hypothesis, we have C ϕ g 2β ≤ g 2 . Let us simplify, then take the limit as ε → 0 to obtain |α| 2 ≤ 1 β . This implies (4). 
